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We present computer simulation studies of the model chiral liquid crystal as intro-
duced by Memmer [1,2]. The analysis of resulting structures is based on the two-
point correlation modes [3] and on calculations of the excess specific heat. Our aim
is to characterize the isotropic phases and to search for a critical point between the
isotropic liquid and BPIII.
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I. INTRODUCTION

Correlation profiles are essential for a proper understanding of thermo-
dynamic behavior of chiral liquid crystals. For example, recent
theoretical studies prove that the phase diagram involving the blue
phases is fundamentally governed by the pair correlations between
orientational degrees of freedom [3–5]. Also many physical properties
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measured in experiments, as e.g., the excess heat capacity and the
optical activity [3], can be expressed as integrals involving the two-
point correlation functions. We believe this indicates on an intrinsic
interest in studying the correlations in the chiral liquid crystals.

In this work we report on the shape of the two-point correlation
function as obtained from Monte-Carlo (MC) simulation for the model
system [1,2]. The excess heat capacity data are also presented to
strengthen our conclusions. The paper is organized as follows. In the
next section we introduce the theoretical framework with which to
analyze the two-point correlations. We also define the system used
in simulations. Then some of the results are shown.

II. THEORETICAL BACKGROUND

A common approach to describe orientational properties of liquid crys-
tals is one that refers to a traceless and symmetric tensor fieldQðrÞ.The
tensor could be defined on a mesoscopic scale or at the molecular level
using molecule-fixed tripod of vectors. Here we refer to the second
possibility and assume that molecules forming a liquid crystal are uni-
axial. Characterizing each molecule by the orientation of its long axis,
specified by the unit vector X, we introduce the tensor QðrÞ as

QðrÞ ¼ XðrÞ � XðrÞ � 1

3
1: ð1Þ

With the help of Q the two-point correlation function is given by
QðrÞ � Qðr0Þh i,where the average denoted as :::h i is taken over a stat-
istical ensemble. A full mathematical analysis of this quantity is pre-
sented in our recent article [3]. Following that paper the correlation
function of a chiral isotropic liquid could be divided into five uniaxial
modes of angular momenta L ¼ 0,1, . . . , 4

QðrÞ �Qðr 0Þh i ¼ Gðr � r 0Þ ¼
X4
L¼0

GðLÞðjr � r 0jÞMðLÞ
0

r � r 0

jr � r 0j

� �
; ð2Þ

where the basis tensors are given by

M
ð0Þ
0 ¼ 1

6
ffiffiffi
5

p ½6ðx̂x � x̂x � x̂x � x̂x þ ŷy � ŷy � ŷy � ŷy þ ẑz � ẑz � ẑz � ẑzÞ

� 2ðx̂x � x̂x þ ŷy � ŷy þ ẑz � ẑzÞ � ðx̂x � x̂x þ ŷy � ŷy þ ẑz � ẑzÞ
þ 3ððx̂x � ŷy þ ŷy � x̂xÞ � ðx̂x � ŷy þ ŷy � x̂xÞ
þ ðx̂x � ẑz þ ẑz � x̂xÞ � ðx̂x � ẑz þ ẑz � x̂xÞ
þ ðŷy � ẑz þ ẑz � ŷyÞ � ðŷy � ẑz þ ẑz � ŷyÞÞ�; ð3Þ

10=[1574] W. J�oozefowicz et al.
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M
ð1Þ
0 ¼ �i

2
ffiffiffiffiffiffi
10

p ½2ðx̂x � x̂x � ŷy � ŷyÞ � ðx̂x � ŷy þ ŷy � x̂xÞ

� 2ðx̂x � ŷy þ ŷy � x̂xÞ � ðx̂x � x̂x � ŷy � ŷyÞ
þ ðx̂x � ẑz þ ẑz � x̂xÞ � ðŷy � ẑz þ ẑz � ŷyÞ
� ðŷy � ẑz þ ẑz � ŷyÞ � ðx̂x � ẑz þ ẑz � x̂xÞ�; ð4Þ

M
ð2Þ
0 ¼ 1

6
ffiffiffiffiffiffi
14

p ½4x̂x � x̂x � ðx̂x � x̂x � 2ŷy � ŷy þ ẑz � ẑzÞ

þ 4ẑz � ẑz � ðx̂x � x̂x þ ŷy � ŷy � 2ẑz � ẑzÞ
þ 4ŷy � ŷy � ðŷy � ŷy � 2x̂x � x̂x þ ẑz � ẑzÞ
þ 6ðx̂x � ŷy þ ŷy � x̂xÞ � ðx̂x � ŷy þ ŷy � x̂xÞ
� 3ðx̂x � ẑz þ ẑz � x̂xÞ � ðx̂x � ẑz þ ẑz � x̂xÞ
� 3ðŷy � ẑz þ ẑz � ŷyÞ � ðŷy � ẑz þ ẑz � ŷyÞ�; ð5Þ

M
ð3Þ
0 ¼ �i

2
ffiffiffiffiffiffi
10

p ½ðx̂x � x̂x � ŷy � ŷyÞ � ðx̂x � ŷy þ ŷy � x̂xÞ

� ðx̂x � ŷy þ ŷy � x̂xÞ � ðx̂x � x̂x � ŷy � ŷyÞ
þ 2ðŷy � ẑz þ ẑz � ŷyÞ � ðx̂x � ẑz þ ẑz � x̂xÞ
� 2ðx̂x � ẑz þ ẑz � x̂xÞ � ðŷy � ẑz þ ẑz � ŷyÞ�; ð6Þ

M
ð4Þ
0 ¼ 1

2
ffiffiffiffiffiffi
70

p ½ðx̂x � x̂x þ ŷy � ŷy � 4ẑz � ẑzÞ � ðx̂x � x̂x þ ŷy � ŷy � 4ẑz � ẑzÞ

þ 2x̂x � x̂x � x̂x � x̂x þ 2ŷy � ŷy � ŷy � ŷy � 8ẑz � ẑz � ẑz � ẑz

þ ðx̂x � ŷy þ ŷy � x̂xÞ � ðx̂x � ŷy þ ŷy � x̂xÞ
� 4ðx̂x � ẑz þ ẑz � x̂xÞ � ðx̂x � ẑz þ ẑz � x̂xÞ
� 4ðŷy � ẑz þ ẑz � ŷyÞ � ðŷy � ẑz þ ẑz � ŷyÞ� ð7Þ

and where x̂x, ŷy and ẑz are the unit vectors along a cartesian coordinate
system. Note that GðLÞ modes of L ¼ 1, 3 are purely chiral that disap-
pear for racemic mixtures. Using orthonormality properties of the basis
M

ðLÞ
0 r � r 0=jr � r 0jð Þ [3], the decomposition (2) allows finally to identify

the GðLÞðjr � r 0jÞ profiles as:

GðLÞðjr � r 0jÞ ¼ Gðr � r 0Þ � M
ðLÞ
0

r � r 0

jr � r 0j

� �� ��
: ð8Þ

In the next sections these are calculated for the model system [1,2].
The decomposition (2) is complete in the case of an isotropic chiral

liquid. Formore complicated structures the set (8) must be supplemented

Structure of Chiral Isotropic Phases 11=[1575]
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by additional 10 (biaxial) profiles. These will be characterized for choles-
teric and blue phases in our forthcoming publication.

III. MODEL

Constant pressure MC simulations are performed for the model chiral
liquid crystal introduced by Memmer [1,2]. It defines total intermole-
cular interaction energy UðXi;Xj; rijÞ between the two chiral uniaxial
molecules i and j with orientations given by the unit vectors Xi, Xj

and separated by the intermolecular vector r ij as a sum of non-chiral
and purely chiral parts. They read

UðXi;Xj; rijÞ ¼ UaðXi;Xj; r ijÞ þ cUcðXi;Xj; r ijÞ; ð9Þ

with c being a measure of chirality. UaðXi;Xj; r ijÞ represents energy of
the non-chiral interaction taken to be of the Gay-Berne form

UaðXi;Xj; r ijÞ ¼ 4eðXi;Xj; rijÞðR�12 � R�6Þ: ð10Þ

The effective chiral interaction energy UcðXi;Xj; rijÞ is taken consist-
ent with the chiral dispersion model (see e.g. [6] and references
therein) that predicts R�7 dependence at separations greater than
molecular dimensions. It reads

UcðXi;Xj; r ijÞ ¼ �4eðXi;Xj; rijÞR�7½ðXi � XjÞ � rij�ðXi � XjÞ; ð11Þ

where R ¼ ðrij � rðXi;Xj; r̂r ijÞ þ r0Þ=r0 and rij ¼ jr ijj; r̂r ij ¼ rij=rij. From
the start all quantities in this paper are expressed in dimensionless
(reduced) units [1] and notation is simplified by omitting the super-
script �, usually introduced to indicate dimensionless quantities. For
the Gay-Berne part we used a parameterization suitable for calamitic
molecules [7]: re=rs ¼ 3, Ee=Es ¼ 0:2; l ¼ 1 and n ¼ 2.

We should mention that the effective interaction Eq. (9), although
accounting for experimentally observed chiral phases, their sequence
and symmetry, seems to have only a qualitative importance for chiral
systems. A reason for that are molecular-level values for the choles-
teric pitch and for the lattice spacing of the cubic blue phases that fol-
low from the simulations. We do not know as whether more ‘realistic’
(smaller) values of the chirality parameter c Eq. (9), would yield pre-
dictions closer to experimental ones. It would require time-consuming
simulations on very large systems, which are not possible at present.
However, the observation of the stable cholesteric- and blue phases
with the molecular-level parameters is certainly very interesting
and provides sufficient motivation for more detailed studies presented
here.

12=[1576] W. J�oozefowicz et al.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 0
9:

07
 2

2 
A

ug
us

t 2
01

2 



In order to overcome at least part of the difficulties mentioned in [1]
we carried out the MC simulations in NPT ensemble for a system of
moderate size (1000 particles). As usual a trial configuration was gen-
erated by a random translation and rotation of an arbitrarily chosen
molecule, followed by a random change of randomly chosen box edge.
Starting point configuration consisted of molecules placed and
oriented in a way characteristic for isotropic phase. Simulations were
performed in the temperature-chirality plane with focus on the region
where, according to [1,2], cubic blue phases and isotropic phases were
present and where the phase known as BPIII was suspected to stabi-
lize (c � 2:0).

For chiralities c ¼ 0.8, 1.2, 1.6, 2.2 system was equilibrated in a
range of temperatures where it exhibited cubic and completely dis-
ordered liquid phases. For each chirality we started simulation from
lower temperatures and we increased it until structure has disap-
peared. Number of cycles taken for equilibration was varying between
100000–500000 and production run consisted of 100000 additional
cycles. After every 10 cycles of the production run a complete configur-
ation was saved and served as a member of ensemble used for comput-
ing of the two-point correlation function and of the excess specific heat
in a subsequent step.

IV. RESULTS

The two modes, denoted Gð1Þ and Gð3Þ, vanish for racemic mixtures.
Hence, they provide a prime characteristic of chiral liquid crystals.
Exemplary profiles of Gð1Þ and Gð3Þ are given in Figures (1, 2) for
four different chiralities and for various temperatures. The comp-
lementary Gð0Þ, Gð2Þ and Gð4Þ modes are also given for comparison

FIGURE 1 Left, Gð1Þ with Gð3Þ as inset for c ¼ 0.8; right, Gð1Þ with Gð3Þ as
inset for c ¼ 1.2.

Structure of Chiral Isotropic Phases 13=[1577]
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(see Figs. (3–5)). Both the leading gap for r < 1 and the strongest
peaks correspond to the system scale given by a single molecule size.
Nonzero values of the profiles at large distances indicate on long-range
molecular order of BPI or BPII type. As expected correlations are get-
ting smaller with increasing temperature. Also a short-range order is
present in the isotropic phase, as expected.

For chirality parameter c ¼ 0:8 our results, Figure (l), are consist-
ent with those of Memmer [1]. At temperature T ¼ 1.65 we observe
a stable phase, which from the analysis of snapshots is classified as
BPII. With increasing temperature it transforms directly to the
isotropic liquid at T � 1:75 (see the excess specific heat data in
Fig. (6)). No further phase transition to second isotropic liquid was
detected with increasing temperature and with assumed temperature
scan, which means that BPIII is not stable at c ¼ 0.8.

FIGURE 2 Left, Gð1Þ with Gð3Þ as inset for c ¼ 1.6; right, Gð1Þ with Gð3Þ as
inset for c ¼ 2.2.

FIGURE 3 Left, Gð0Þ with Gð2Þ as inset for c ¼ 0.8; right,Gð0Þ with Gð2Þ as inset
for c ¼ 1.2.

14=[1578] W. J�oozefowicz et al.
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FIGURE 4 Left, Gð0Þ with Gð2Þ as inset for c ¼ 1.6; right, Gð0Þ with Gð2Þ as
inset for c ¼ 2.2.

FIGURE 5 Left, Gð4Þ for c ¼ 0.8 and for c ¼ 1.2 (inset); right, Gð4Þ for c ¼ 1.6
and for c ¼ 2.2.

FIGURE 6 Left, excess heat capacity for c ¼ 2.2 and c ¼ 0.8 (inset); right,
snapshot of molecular configuration for temperature T ¼ 1.9 and chirality
c ¼ 2.2. For clarity only those particles are visible whose main axes are aligned
along box edges.

Structure of Chiral Isotropic Phases 15=[1579]
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At chiralities c ¼ 1.2, 1.6 the ordered phase observed at low tem-
peratures (T ¼ 1.7, 1.8) is classified as BPI. The shape of the correla-
tions (see the diagrams in Figs. (1–5)) are different from what we
obtained for c ¼ 0.8. Also it is found that the character of the third
peak of the correlations changes as temperature and chirality change
(see e.g., maximum of Gð1ÞðrÞ at r � 3 (Figs. (1,2))). This may indicate
on structure evolution from BPI to BPIII (or BPII). As the specific heat
data show a broad maximum, which partly splits into two peaks at c ¼
2.2 Figure (6), and correlation profiles drop to zero very fast for c ¼ 2.2
(see Figs. (2, 4)), the first option seems more likely (see Fig. (6) for
exemplary snapshot). However for the system size considered more
quantitative predictions are not possible, in particular a question of
the critical point cannot be resolved. In order to make simulations
more predictive system size of more than 10000 molecules seems
necessary.
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